Abstract. We study the stability of critical maps from (or into) spheres with respect to the symplectic Dirichlet and σ 2 energies which are the fourth power terms in Skyrme type sigma-models.
Introduction
Given two Riemannian manifolds (M, g) and (N, h), the solutions ϕ : M → N of the variational problem associated to the Dirichlet energy
are called harmonic maps. Derrick's scaling argument [4] implies that, in any dimension other than m = 2, there are no non-constant finiteenergy harmonic maps defined on R m . This feature is not entirely specific to the euclidean metric, as proved by Sealey [18] . If E(ϕ) is allowed to contain a potential term V • ϕ, then there are no nontrivial solutions if m > 2. A counterpart for compact domains is Xin's theorem [26] asserting that if m > 2, then there is no non-constant stable harmonic map defined on the unit sphere S m . A mirror result by Leung [3] holds for mapping taking values into the sphere. Both facts are proved using the Lawson-Simons averaging argument [9] .
Derrick and Xin-Leung restrictions can be evaded by considering higher power energies, the price to be paid being the loss of ellipticity of the corresponding Euler-Lagrange equations. For instance, if we consider consider the p-energy (p > 2)
both restrictions are relaxed to m > p. Moreover, the Hopf map from S 3 to S 2 minimizes the p-energy in its homotopy class for p ≥ 4 [17] . Another natural choice of high power functional was introduced in the seminal paper on harmonic maps [6] as
and was called σ p -energy since the integrand can be also seen as σ p (ϕ * h), the p th elementary symmetric function of the eigenvalues of ϕ * h with respect to g. The fourth power case, E σ 2 (ϕ), was already known as the self-interaction term of Skyrme's sigma-model [20] in nuclear physics.
Motivated by the strong coupling limit of Faddeev-Niemi model [7] , Speight and Svensson [23, 24] studied the symplectic Dirichlet energy:
suited for maps taking values in a symplectic manifold (N, Ω). While Derrick's result extends immediately to these alternative energy functionals asserting the non-existence of non-trivial finite energy solutions in dimensions above the highest degree of derivatives appearing in the integrand, Xin-Leung restriction needs a more elaborate caseby-case analysis. This has already been done for the Yang-Mills energy (of instantons) [2] , for the volume functional (of immersions) [9, 19] , for the p-energy [3, 25] and for the L 2 norm of the pullback metric [8] . In this short note we complete the picture for the fourth power energies by proving analogue results for E σ 2 and F , and by pointing out their global counterpart. This allows us to derive stability properties also for the case when we couple each of these two functionals with the Dirichlet energy, as it is usually done in the original sigma-models.
Throughout the paper, manifolds, metrics, and maps are assumed to be smooth. On a connected Riemannian manifold (M, g) with Levi-Civita connection ∇, we use the following sign conventions for the curvature tensor field
Z, and ∆f = trace ∇df for the Laplacian on functions.
Symplectic Dirichlet stability on spheres
Let (M, g) and (N, J, h) be Riemannian manifolds, the second being endowed with an almost Kähler structure with the fundamental 2-form Ω(·, ·) = h(·, J·). A map ϕ : M → N is F -critical if the first variation of F at ϕ vanishes, and this is proved ( [23] ) to be equivalent with the Euler-Lagrange equations (1) dϕ (δϕ
A vacuum solution (i.e. ϕ * Ω = 0) is called isotropic. A critical map is moreover a local minimizer (stable critical point) if the second variation of the energy (the Hessian) evaluated at this map is positive definite. For any v ∈ Γ(ϕ −1 T N), and any F -critical map ϕ, the Hessian of F can be calculated as ( [23] ) (2) Hess
In particular, if δϕ * Ω = 0, then we see that ϕ is stable (it actually minimizes F in its homotopy class [24] ).
Lemma 1 ([21]
). Let ϕ : (M, g) → (N, h) be a mapping between Riemannian manifolds. Then for any X, Y, Z ∈ Γ(T M) we have
Remark 1 (Averaging argument). The method introduced in [9] in order to find necessary conditions for stability on/into spheres consists in averaging the second variation of the respective energy functional on a particular family of gradient conformal vector fields. Let (a α ) α=1,...,m+1 be an orthonormal basis in
where ∇ is the Levi-Civita connection of the canonical metric g on S m . In particular, f α are eigenfunctions of the Laplace operator ∆f α = −mf α . It is immediate to see that α f 2 α = 1 (so α f α grad f α = 0), and that, for any
there is no non-isotropic stable F -critical map from S m to any almost Kähler manifold.
Proof. Let ϕ : S m → (N, Ω) be a smooth F -critical map and v α = dϕ(grad f α ) ∈ Γ(ϕ −1 T N), α = 1, ..., m + 1 be defined using Remark 1.
, for any V ∈ ker dϕ and any X ∈ Γ(T M). Since ϕ is F -critical, Z ϕ ∈ ker dϕ and we have
so by summing over α we obtain
Using Lemma 1 and Remark 1, we obtain
so by taking the norm and summing over α,
Combining (5) and (7) we see that calculating the trace of the Hessian requires the following Weitzenböck formula for p-forms (see [5, (1. 32)] and references therein)
which by integration over a compact manifold without boundary gives:
If σ ∈ Λ 2 (M), then the curvature operator S acts as follows
In particular, for 2-forms on S m we simply have
Applying (8) for the closed 2-form ϕ * Ω on S m we obtain
and the conclusion follows.
This generalizes [21, Prop. 3.4] in the case of Hopf maps. Recall that [24] the Hopf map ϕ : S 3 → CP 1 minimizes F in its homotopy class.
2.1. Full Faddeev-Niemi model. Let us now turn attention to the coupled energy E(ϕ) + κF (ϕ), where κ is a positive coupling constant. A mapping ϕ will be a critical point for this action if and only if:
where τ (ϕ) = trace ∇dϕ is the tension field of ϕ. Even if the the Hessian of a coupled energy is still a linear combination of the two individual Hessians, combining the averaging arguments requires caution, since in the computation of α Hess E,F ϕ (v α , v α ) we employed again the (individual) Euler-Lagrange equations. So by carefully redoing the same steps for the full energy and using this time (9), we obtain
In particular, if m ≥ 4, then there is no non-constant stable (E + κF )-critical map from S m to any almost Kähler manifold. If m = 3, a necessary condition for a non-isotropic (E + κF )-critical map ϕ :
For the Hopf map
) this reads κ ≥ 1 and it is also a sufficient condition, as proved in [23] .
3. σ 2 -Stability on spheres 30] , cf. also [22] )
where C ϕ = dϕ t • dϕ, the (1,1)-"dual" of ϕ * h, is called the CauchyGreen tensor. The second variation formula is given below. Here we shall investigate its behaviour for mappings defined on spheres and we expect to recover the result of the previous section in this case (cf. [1] for the identity map). Since 2σ 2 (ϕ * h) = |dϕ| 4 −|ϕ * h| 2 in order to prove this we would be tempted to simply combine the result in [3, 25] α
with the corresponding result in [8] for
But, as already mentioned, in the derivation of these "trace" formulae the individual Euler-Lagrange equations have been employed again, so we need to identify the respective terms in order to see that this approach actually gives us the desired result. For the convenience of the reader we present the main lines of the complete proof starting with Lemma 2 (The second σ 2 -variation [30] ). The second variation of the σ 2 -energy along v ∈ Γ(ϕ −1 T N) evaluated on a σ 2 -critical map ϕ is
where {e i } i=1,...,m is a (local) orthonormal frame of eigenvectors of ϕ
trace H v , and Ric ϕ (v, w) = j h R N (v, dϕ(e j ))dϕ(e j ), w .
As for the symplectic Dirichlet energy, we need a Weitzenböck formula.
Lemma 3 (Weitzenböck type formula [14] ). For any smooth map ϕ : (M, g) → (N, h) the following identy holds
where {e i } i=1,...,m is a (local) orthonormal frame of eigenvectors for ϕ * h with respect to g, corresponding to the eigenvalues {λ
This identity is obtained by direct computation and not by deriving it from the general Weitzenböck formula [5, (1. 34)] applied to dϕ • C ϕ . By combining it with the Weitzenböck formula used in the regularity theory of p-harmonic maps (p = 4) [27] we can obtain a Weitzenböck formula suited for σ 2 -critical maps.
We are now ready to prove the following stability property of σ 2 -energy.
Proposition 2. If m > 4 there is no non-constant stable σ 2 -critical map from S m to any Riemannian manifold N n (n ≥ 2).
Proof. Let ϕ : S m → N be a smooth σ 2 -critical map and v α = dϕ(grad f α ), α = 1, ..., m + 1 be defined in Remark 1. For the first two terms in (10), a computation corresponding to the 4-harmonic case yields
For the third term in (10), by using Lemma 1 we obtain
Finally, we directly check that
which, combined with the Weitzenböck formula (Lemma 3), yields
Inserting all in the Hessian formula (10) and noticing that the σ 2 -Euler-Lagrange equations satisfied by ϕ assure the cancellation of h(τ (ϕ), . . . ),
Starting from Equation (10) and applying the averaging argument (Remark 1) with v α = (grad f α ) • ϕ yields Lemma 4 (Stability inequality). For any stable σ 2 -critical map ϕ : M → S n the folowing inequality holds
where f is a smooth function with compact support on M.
Letting f = 1 gives the non-existence result analogous to [10, 25, 27] ,
Full Skyrme model. Let us consider the coupled energy
where κ is a positive coupling constant. With the same argument as in the previous section, if m ≥ 4, then there is no non-constant stable (E + κE σ 2 )-critical map from S m to any Riemannian manifold. If m = 3, a necessary condition for a non-constant (E + κE σ 2 )-critical map ϕ : S 3 → N to be stable is
For the identity map of S 3 (of unit radius) this reads κ ≥ 1 2
and one knows that it is also a sufficient condition [11, 12] ; see also [22] .
Infima in homotopy classes
In this section we point out a global analogue of the results in the previous sections.
) be a (smooth) map into an almost Kähler manifold with fundamental 2-form Ω. Then
where the equality is reached if and only if n = 2.
(ii) Let ϕ : (M, g) → (N n , h) be a (smooth) map between Riemannian manifolds. Then
where the equality is reached if and only if ϕ is semi-conformal (i.e., the eigenvalues of ϕ * h are all equal).
Proof. (i) Let {e i } i=1,...,m be a (local) orthonormal frame of eigenvectors of ϕ * h. Applying Cauchy inequality |ϕ
gives us the result. (ii) This is one of the Newton's inequalities.
Since, by [28, 29] , the infimum of the 4-energy in each homotopy class of mappings from (or into) a sphere of dimension greater than 4 is zero, Lemma 5 implies the following 
We include here an elementary proof for the first part of the result, analogous to the Dirichlet energy case [5, 6] . If a homotopy class of mappings M → S m contains a Riemannian submersion, the proof of the second statement is similar.
Proof. Let m ≥ 5, c > 0 and φ c be defined (by suspension) between charts of S m as
where 0 ≤ s < π and z ∈ S m−1 . Notice that this defines indeed a smooth map φ c : S m → S m (regular at the poles), which has topological degree 1, and is conformal of dilation
where we considered S m endowed with the canonical metric (we can show as in [5] that the statement we wish to prove is independent of the choices of metrics on the domain or codomain). Since m ≥ 5, so we can conclude that lim c→0 E 4 (ϕ c ) = 0. Combining with Lemma 5 allows us to conclude that the infimum of the symplectic Dirichlet energy and of σ 2 -energy in the homotopy class of S m → N is zero.
Final remarks
In this note we restricted to the σ 2 and symplectic Dirichlet energies since they correspond to Lagrangians which are at most quadratic in first time derivatives (a requirement for any field theory with standard Hamiltonian). Nevertheless the results here should have straightforward extensions to other higher power functionals as σ p . Also we discussed only the sphere case, but we had in mind that the same phenomena should occur not only on product of spheres but also on other symmetric spaces as it was proved for (p-)harmonic maps ( [15, 13, 28] ). Most notably it would be interesting to find the stability properties of the symplectic Dirichlet energy for maps defined on a complex projective space. Direct application of the averaging argument suited to CP m ( [16] ) has failed to provide us with an effective criterion of stability. In this case the use of a different basis of vectors for the averaged Hessian seems to impose (most probably symplectic vectors).
